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Abstract. We exhibit a two-parameter class of states P( a>7 ), in 2 Cg) n quantum 
system for n > 3, which can be obtained from an arbitrary state by means of local 
quantum operations and classical communication, and which are invariant under 
all bilateral operations on 2 ® n quantum system. We calculate the negativity 
of P( a , 7 ), and a lower bound and a tight upper bound on its entanglement of 
formation. It follows from this calculation that the entanglement of formation of 
P(a,~t) cann °t exceed its negativity. 



PACS numbers: 03.65.Ud,03.67.-a,89.70.+c 

1. Introduction 

Entanglement is one of the most important resources for quantum communication 
and information processing including quantum cryptography, teleportation, and 
superdense coding. On this account, the research on entanglement has considerably 
been developed and has improved the quantum information science in recent years. 
In particular, the quest for proper measures of entanglement has received a great deal 
of attention, and several measures of entanglement, such as the negativity and the 
entanglement of formation, have been proposed [fl 003 ED E]- 

Peres-Horodeckis' criterion for separability [HI E] leads a natural entanglement 
measure, called the negativity TV", defined by 

A^) = ||p Tb ||i-i, (l) 

where p Te is the partial transpose of a state p in a Hilbert space Ha <8> Hb and 
|| • Id is the trace norm. Vidal and Werner [5j defined the negativity of a state p 
as (||(0 Tb ||i — l)/2, which corresponds to the absolute value of the sum of negative 
eigenvalues of p T ° , and which vanishes for separable states. For a maximally entangled 
pure state such as one of the Bell states, this quantity is strictly less than one. In 
order for any maximally entangled pure state in 2 ® n quantum system to have the 
negativity one, it must be defined as Equation @J. 

We note that the negativity is an entanglement monotone [§] under local quantum 
operations and classical communication (LOCC) |5], and that it is a measure of 
entanglement which can be computed effectively for any state. However, although 
the positivity of the partial transpose is a necessary and sufficient condition for 
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nondistillability in 2 (g n quantum system ^J] > there exist entangled states with 
positive partial transposition (PPT) in any bipartite system except for in 2 <g> 2 and 
2 (g 3 quantum systems ^3 EL an( A hence it is not sufficient for the negativity to be 
a good measure of entanglement even in 2 (g n quantum system. 

In this paper we consider 2 ® n quantum systems for n > 3, and exhibit a two- 
parameter class of states in 2 n quantum system, which can be obtained from an 
arbitrary state by means of LOCC and are invariant under all unitary operations 
of the form U <£> U on 2 g) n quantum system.* We show that a state in the two- 
parameter class has a PPT if and only if the state is separable, so that the negativity 
can be a measure to quantify the amount of entanglement of states in the class. We 
remark that a finite dimensional truncation of a single two-level atom interacting with 
a single- mode quantized field pi], can be regarded as a 2 (g n quantum system. 

The entanglement of formation is defined to be the convex-roof extension of the 
pure-state entanglement, that is, the minimum average of the pure-state entanglement 
over all ensemble decompositions of a given state p, 



Here, the pure-state entanglement E is defined as the entropy of subsystem A, 
E{\ip)) = 5 , (trs(| , 0)(?/'|)), S is the von Neumann entropy. 

Since the concept of the pure-state entanglement E has most widely been accepted 
as an entanglement measure for pure states and the entanglement of formation is 
its natural extension as seen in Equation ©, the entanglement of formation is one 
of the best measures for bipartite quantum systems which have been known so far. 
Nevertheless, there is no known explicit formula for the entanglement of formation of 
states in a general quantum system except for states in 2 (gi 2 quantum system |2 E] j 
the isotropic states and the Werner states in n (g n quantum system ^] ^] , and 
states of the specific form . For 2 (g n quantum system, only a lower bound on 
the entanglement of formation is given by decomposing a 2 (g n dimensional Hilbert 
space into many 2 <g 2 dimensional subspaces [171 IT%| . 

In this paper we present a lower bound and a tight upper bound on the 
entanglement of formation for the two-parameter class of states. The explicit 
calculations of the negativity and bounds on the entanglement of formation show 
that the entanglement of formation of any state in the two-parameter class cannot 
exceed its negativity. 

This paper is organized as follows: In Section [21 we exhibit a two-parameter class 
of states and a procedure involving only LOCC which transform an arbitrary state into 
one of states in the class, and show that the states in the class are invariant under all 
unitary operations of the form U ®U . In Section|3we explicitly calculate the negativity, 
and a lower bound and a tight upper bound on the entanglement of formation for the 
two-parameter class, and compare its negativity with the entanglement of formation. 

* Let U(k) be the group of all unitary operators on a fc-dimensional Hilbert space, and {10)^, |1) 4} 
and { |0) B , • ■ ■ 1 l n ~ De bases of "Ha and Hg respectively. For convenience, we now identify 

a unitary operator V a S U(2) with Ub 6 U(n) if for j = 0,1, Ua\j)a = a j|0) A + M-Oa an d 
Ub\j)b = a il0}s + bj\l) B - For < m < n, we let 



where H m is a subspace of Hb generated by \0) B , |1) B , . . . ,\m — l) s , and is the orthogonal 
complement of 7i m in Hg. Then G(2,n) is a subgroup of U(n), and if U is a unitary operator in 
G(2, n) then it is compatible to write a unitary operator of the form U ® U on 2 ® n quantum system. 




(3) 



G(m, n) = [u G U(n) : U (H m ) = H m , U = H^] , 
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Finally, in Section 0] we summarize our results and discuss a generalization of the 
two-parameter class into a higher dimensional system. 

2. A two-parameter class of states in 2 <g) n quantum system 

We consider the following class of states with two real parameters a and 7 in 2 (g> n 
quantum system: 

1 n-l 
i=0 3=2 

+/? (I0+X0+I + |r>(r| + I^XV'+I) 

+ 7^->(^-| (4) 

where : i = 0, 1, j = 0, 1, . . . , n — 1} is an orthonormal basis for 2® n quantum 

system, 

|<^> =-L(|00>±|ll», (5) 

|^ ± ) = -^=(|01)±|10)), (6) 

and the parameter (3 is dependent on a and 7 by the unit trace condition, 

2(n- 2)a + 3/3 + 7 = 1. (7) 

From the unit trace condition in Equation Q we can readily obtain the domain for 
the parameters a and 7, < a < l/2(n — 2) and < 7 < 1. We note that the states 
of the form P(p,-y) for < 7 < 1 are equal to Werner states in 2 <g) 2 quantum 
system, that the states are entangled and distillable if and only if 1/2 < 7 < 1, and 
that for 1/2 < 7 < 1, 



£/(p( 

where /i is the binary Shannon entropy. 

We are going to show now that an arbitrary state p in 2 ® n quantum system can 
be transformed to a state of the form pr a , 7 ) in Equation 10} by LOCC. In other words, 
we will show that there exist unitary operators U k and probabilities p k such that 

^Pk{U k ®U k )p{ui®ui) = p (Qi7 ) (8) 

for some < a < l/2(n — 2) and < 7 < 1, using the method similar to those 
presented by Bennett et al. and Diir et al. 
We define the operation Ug as 

tffl : I J) - (e ie ) j \j), 

where i = s/—l. We first perform U^^Un with probability 1/2, while with probability 
1/2 no operation is performed, that is, 

^(U^U n )p(U^Ut) + ^p. (9) 
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Let us now define the operation Uk by Uk ■ \j) *—> (— l) 5j - k \j) for k = 2, 3, . . . , n — 1, 
and then for each fc = 2, 3, . . . ,n — 1, perform Uk <8> with probability 1/2, while 
applying the identity operation with probability 1/2, respectively. Here, we remark 
that Uk ® t/fe = / <£> C/fc- We now perform L r 7I -/ 2 ® with probability 1/2 as in 
Equation ©, and then perform the swap operator Uqi : |0) <-> |1) i— > |j) for 
2 < J < n — 1) with probability 1/2. Then we obtain a state of the following form: 

n-l 

^a,(|0j>(0j| + |lj>(li|) 

+ 6(|0+>(^+| + |^-)(^-|) 

+ c+|V + >(V' + | +c_|^-)(^ _ |. (10) 

Let T be the unitary operator defined by |0) i-> |0), |1) i-> |1), |2) i-> |3), |3) i-> |4), 
. . ., \n — 2) i— > \n — 1), and \n — 1) i— * |2). Now we perform the following operation: 

p i-> — - ^(T* <g> T j )p{T j ® T J ') f . 
n i=o 

Here, we also remark that T- 3 ® T- 7 = I ® T J for any j = 0, 1, . . . , n — 3. Then a state 
in Equation I|1U|) now has the form 

1 n-l 

«E E ly'Xy'l +H\<t> + )(<f> + \ + \<t>-)(<t>-\) 

+ c + \i} + )(ip + \ + c_|V~)(V>~|- 

Let H be the unitary operator defined as |0) i-> (|0) + |l))/\/2, |1> ^ (|0) - |l»/v^, 
and \j) i— > |j) for 2 < j < n — 1. After performing as follows: 

p^ 2 -{H®H)p(H®H)+ l -p, 

let us perform the sequence of the previous operations again. Then one can easily 
check that one of states with two parameters in Equation is obtained, that is, 
there exist unitary operators Uk and probabilities pk satisfying Equation iJHJ, and that 
furthermore if a state p is given by 

1 n-l 

p = E E a » i > fa' i + 6 + 1 ^ ) ^ + 1 + b - 1 ^ ) I 

i=0 j=2 

+ c+|V + )('</' + | +c-|V^)(V^| H 

then the two-parameter state transformed by the above procedure becomes P( a ,-y) m 
Equation Q where a = J2i j o-ij/(2n — 4) and 7 = c_. 

Noting that (f7 ® I)|V> ) = (I ® ±C/)|V> _ ) for any [/ in the group G(2, n) defined 
in Equation JSJl, we can readily show that P( a ,-y) is invariant under all U ®U , that is, 
for any U € G(2,n), 

(^®^)P(a, 7 )(^ t ®^ t )=P(a, 7 )- (11) 
We now define the (U (g> U)- twirling superoperator T as 

T{p)= [ dpu(U®U)p(U^ ®U f ). 

JG(2,ri) 
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Figure 1. The negativity of P( a ,i) in 2 ® 4 quantum system. 



and dfiu is the normalized Haar measure on G(2, n). Then it follows from Equation (JHJ 
and Equation Ijllfl that T(p) = P( Qj7 ) for some a and 7, and that T{p/ aa \) = P( a , 7 ), 
respectively. We remark that the negativity and the entanglement of formation 
are entanglement monotones [HI EJ- Thus, it follows that the negativity and the 
entanglement of formation for a given p are not less than those for T(p), respectively. 



3. Entanglement for the states with two parameters 

In this section, we consider two measures of entanglement for /0( Qj7 ), the negativity 
and the entanglement of formation, and explicitly calculate the value of its negativity 
and bounds on its entanglement of formation. 

In order to calculate the negativity of /0( Qj7 ), we have to compute its partial 
transpose: 

1 n-l 

i=0 J=2 
, fl + 1 



2 



(|oi)(oi| + |io)(io| + |r>(r 



Since (3/3 — 7)/2 =1/2— (n — 2)a — 7 > if and only if P^f 7 ) is positive, the negativity 
of p(a,-y) is max{(2n — 4)a + 27 — 1, 0}, whose graph is shown in Figure^ Then the 
domain of the parameters a and 7 for P( Qj7 ) consists of two triangular regions, the PPT 
region satisfying < (n — 2)a + 7 < 1/2 and the nonpositive partial transposition 
(NPT) region satisfying 1/2 < (n — 2)a + 7 < 1, as shown in Figure |2] We note 
that all states in the PPT region are separable since three states, P(o t o), P(o, 1/2)1 and 
P(i/(2n-4),o)> corresponding to the vertices of the PPT region are separable and all 
states in the region are convex combinations of the three states. 

We now consider the entanglement of formation for P( Q . 7 ). Even though it has 
not been known whether the explicit formula of the entanglement of formation for 
states in 2 n quantum system can be computed or not, one can readily compute one 
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l/(2n-4) 
a 




Figure 2. The domain of the parameters a and 7 for the states P( a ,y) '■ All states 
in the PPT region are separable and undistillable, and all states in the NPT region 
are entangled and distillable. 




(12) 



C'ij is the Wootters' cuncurrence in 2(g) 2 dimensional subsystem which is supported 
by the bases |0z), |0j), and It is straightforward to check that the lower 

bound in Equation fT2^l is 



£ (^(P(a,7))) 



1+ v/l-W(p( Q , 7 )) 2 



h Q + v / ((«-2)a + 7 )(l-(n-2) a - 7 )^ 



(13) 



since C01 = Af(pt a ^\) and CV, = unless i = and j = 1. For 2® 4 quantum system, 
the lower bound on Ef (p( a ,-y)) is plotted in Figure|21 

In order to obtain a tight upper bound of Ef (p( aj7 )), we consider two-parameter 
states satisfying 2(n— 2)a + j — 1, that is, the states corresponding to the line through 
two points (1, 0) and (0, l/(2n — 4)) in FigureEl Then the states are of the following 
form: 

1 n-l 

P(a,i) = a ^^2 ly'Xy'l +l\'>P~){'>P~\ 
i=0 3=2 

^ 1 n-l 

= 2fa J 2 ) ^ ^ + 7 I^)(^" I 

= (14) 
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Figure 3. The lower bound 1131 on the entanglement of formation of p( a ,j) f° r 

1/2 < (n — 2)a + 7<lin2®4 quantum system. 



We note that Equation 1)14(1 is an eigenvalue decomposition of a state p 7 , and that 

Ef (f> 7 ) < 7 (15) 

in view of the convexity of Ef. Let p 7 = ^fcPfcl^fcK^fcl ^ e an optimal decomposition 
for its entanglement of formation when < 7 < 1. By Hughston, Jozsa and Wootters' 
theorem |2JJ], there exists a K x K unitary matrix U, K being greater than or equal 
to 2n — 3, the rank of g 7 , such that for each k — 0, 1,. . . ,K — 1 

1 n-l j—— 

^^EE^JnfcHMlr). (is) 

i=0 j=2 V ^ ' 

where (ij) — i(n — 2) + (j — 2). Thus it can be obtained from Equation l|ltj|) that 

1 n-i . 

P*tr fl (|^)(^|) = Y,Km u Ui'i)w^\W'\ 

i,i'=0j=2 ^ ' 

+ i|C/^ n -4| 2 7(|0)(0| + |l)(l|) 



1-7 
2(n- 2' 



n-l 



J=2 



+ i|C/M"-4| 2 7(|0)(0| + |l)(l|), (17) 



where 

1 

i=0 

Then it follows from Equation l|17|) and the concavity of S that 
PkE(\<f>k)) =PkS(tv B \(t>k){(t>k\) 



> |C/ fe ,2n-4|7<5( -(|0)(0| + |1)(1|) 
= |l7 fc ,2»-4| a 7 s (18) 
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since the von Neumann entropy of a pure state is vanished. Hence, from Equation 
<|18fl and the unitarity of U , we obtain the following inequality: 



Ef(Q 7 )= £> fc E(|0 fc » 

fc=0 



> l^,2„- 4 | 2 7 

fc=0 

= 7- (19) 

By two inequalities l|15|) and l|19fl we conclude that Ef{g 1 ) = 7. 

We now consider the states corresponding to (a,"/) in the interior of the NPT 
region, that is, (a,j) satisfying 1/2 < (n — 2)a + 7 < 1. By virtue of the convexity 
of the entanglement of formation, for a given (a, 7) the following inequality can be 
obtained: 

Ef (/9(a, 7 )) = E f (p( t[1 _iv (e<i ^]/(n-2),t[2iV (a ,^-l]+(l-i)JV (c «, 7) )) 
< 1 ■ E f (p([l- J V (Q , 7) ]/(n-2),2JV (Q , 7) -l)) 

+ (!"*)• E f (P(o,N^)) 
= t ■ [2N {an) - 1] + (1 - t) ■ £(2N (an) ) (20) 
where Nr a ^) = (n — 2)a + 7, and t is chosen by 
a = t- [l-W (<vr) ]/(n-2), 

7 = t • [2iV (a , 7) - 1] + (1 - t) ■ JV (a , 7) . (21) 

Choosing the appropriate £ satisfying Equation Q21[l. we are straightforwardly 
able to calculate the following upper bound on (p( Q!7 )): 

F(m n ^ n 2 ("- 2 )" + 2 7-i-g(^(p (a , 7 ))) 

f (-A/(p(a,7))) +(n-2)a 1 _ (n _ 2 ) a _ 7 ' (22) 

For 2 ® 4 quantum system the upper bound l|22fl on (/5( Q . 7 )) is shown in Figure^] 
We remark that the entanglement of formation and its upper bound l|22ll have the 
same values for the states corresponding to three edges of the NPT region in Figure|21 
Therefore, we cannot derive any upper bound tighter than the upper bound H22JI from 
the method using the convexity of the entanglement of formation as in Equation H2()(l . 
From this viewpoint, we can say that the upper bound Ij22(l is a tight upper bound on 

We note that Ef{g 1 ) — 7 = N{g 1 ) and that Ef (p(o. 7 )) < -^(/°(o, 7 )) I0r au 
< 7 < 1. Thus, it follows that the entanglement of formation of any P( a ,-y) cannot 
exceed its negativity, that is, 

Ef (P(a, 7 )) < N (P(a, 7 )) . 

for any P( Q , 7 ). 
4. Conclusions 

In this paper we exhibited a two-parameter class of states P( a , 7 ) in 2 ® n quantum 
system, found that an arbitrary state can be transformed into P( Q . 7 ) by means of 
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Figure 4. The upper bound 1221 on the entanglement of formation of P( a , 7 ) for 
1/2 < (n — 2)a + 7 < 1 in 2 ® 4 quantum system. 



LOCC, and showed that P( a , 7 ) is invariant under unitary operations of the form 
U ® U on 2 <g> n quantum system. We finally investigated the entanglement for P( a ,-y), 
by computing two measures of entanglement, the negativity and the entanglement of 
formation. 

For a higher dimensional quantum system, that is, an m 03 n quantum system 
(m < n), we can exhibit a two-parameter class given by 

m—1 n — 1 

"EE 

i—0 j—m 



k=0 



where 



and 



K ij=0(i<j) 
m — 1 

7 E kiX^I 

i,j=0(i<j) 



1 



(23) 



^> = ^=(|ii)±|i»)), 



. , m(m + l)- m(m— 1) 
m(n - m)a H -j9 H — -7 = 1. 

Furthermore, we can show that any state in m®n quantum system can be transformed 
into a state of the form of Equation ll'-'il by LOCC, and that any state in this class 
is (U 03 f7)-mvariant for all unitary U in the group G(m,n) defined in Equation J2J. 
Since every state in this class has properties analogous to those of P( a ,-y)' one cou ld 
investigate its entanglement. 
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